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Abstract
We study the thermodynamics of a zero-dimensional, cubic cluster described with a Hubbard
Hamiltonian, focusing our interest on the magnetic properties. The range in which the studied
cluster is paramagnetic is considered. The results are obtained by means of exact numerical
diagonalization. Such thermodynamic quantities as entropy, specific heat, magnetic susceptibility,
spin-spin correlations and double occupancy are discussed. Particular emphasis is put on the
behaviour of local maxima of specific heat and susceptibility, which are analysed in terms of
Schottky anomalies.
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I. INTRODUCTION
Low-dimensional magnetic systems attract considerable theoretical and experimental
efforts. Within this field, noticeable attention is paid to the theoretical studies of zero-
dimensional magnetic clusters composed of a finite, small number of atoms [1–4]. Although
the existence of magnetic ordering and magnetic phase transitions in low dimensions is
severely limited, yet such systems can still exhibit a range of interesting properties.
Hubbard model [5–7] is one of the successful theoretical approaches involved, among
others, in the studies of low-dimensional magnetic systems exhibiting strong correlations
(to mention for example its early applications to magnetic thin films [8–10]). In spite of
its simplicity, it still remains a challenge for theorists. In addition to various approximate
approaches to its thermodynamics, a valuable method for this model is exact diagonalization
[11], being essentially free from any artefacts, which feature is of huge importance due to the
complicated phase diagram of the model. However, such method is computationally very
demanding, therefore its applicability is limited only to the smallest systems. This feature
allows to focus the interest on zero-dimensional clusters described by Hubbard model, the
magnetic properties of which were studied for various geometries and numbers of charge
carriers (filling levels of energy states) [12–20]. In particular, cubic cluster attracted some
attention [13, 19, 20]. However, not all the thermodynamic properties related to magnetism
were systematically explored, especially beyond the half-filling case.
The aim of the present paper is to provide a systematic discussion of thermodynamics of
a cubic Hubbard cluster, selecting the case of quarter-filling of the energy states.
II. THEORETICAL MODEL
A schematic view of the system of interest is shown in Fig. 1. It is a zero-dimensional
cluster in a form of a cube, having N = 8 sites with hopping integral t between nearest
neighbours only. The on-site Coulombic interaction energy is parametrized by the parameter
U > 0. In our study we focus on the case with Ne = 4 charge carriers (electrons) in the
system, thus we deal with quarter-filling of the energy states. Let us remind that such a
molecular-like structure possesses a purely discrete energy spectrum, so we do not refer to
band filling.
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FIG. 1. A schematic view of a cubic cluster system described with a Hubbard Hamiltonian with
the hopping integral t and on-site Coulombic energy U . The spin-spin correlations between first,
second and third nearest neighbours are indicated with dashed lines.
The system is described by the following Hubbard Hamiltonian:
H = −t
∑
〈i,j〉
∑
σ=↑,↓
(
c†i,σcj,σ + c
†
j,σci,σ
)
+ U
∑
i
ni,↑ni,↓, (1)
in which c†i,σ (ci,σ) creates (annihilates) an electron with spin σ at site labelled with i =
1, . . . , N , while ni,σ = c
†
i,σci,σ is the number of electrons with spin σ at site i. Let us mention
that z-component of the spin at site i is therefore equal to szi = (ni,↑ − ni,↓) /2.
For the case of N = 8 lattice sites with Ne = 4 electrons, the Hilbert space for the studied
system is spanned by
Ns =
(2N)!
Ne! (2N −Ne)!
= 1820
basis vectors. The resulting matrix (Ns × Ns) of the Hamiltonian H for the given case
can be exactly diagonalized numerically, what yields the eigenvalues and corresponding
eigenvectors.
The exact thermodynamic description of our system was constructed basing on the canon-
ical ensemble, with fixed number of electrons and temperature equal to T . The statistical
operator describing the thermal state is:
ρ =
1
Z
e−βH, (2)
where the statistical sum is given by:
Z = Tr e−βH =
∑
k
gk e
−βEk , (3)
3
Accepted manuscript. The final version was published in:
BULLETIN DE LA SOCIE´TE´ DES SCIENCES ET DES LETTRES DE  LO´DZ´
Recherches sur les de´formations 66 (1), 17–28 (2016).
10-3 10-2 10-1 100 101
0
1
2
3
4
5
6
7
8
0
4
8
12
16
20
k B T / t
S
 / 
k  
B
U / t
FIG. 2. The dependence of the system entropy on the normalized temperature for various values
of normalized Coulombic interactions energy.
gk being the degeneracy of the eigenstate with the energy equal to Ek, while β = 1/ (kBT )
with kB denoting the Boltzmann constant. The thermodynamic average of an arbitrary
quantity A is equal to:
〈A〉 = Tr (ρA) . (4)
Knowledge of the statistical operator and the statistical sum allows us to calculate all further
thermodynamic quantities of interest, for instance, entropy, specific heat or magnetic sus-
ceptibility as well as magnetic correlations between first, second and third neighbours (see
Fig. 1 for schematic explanation). In particular, specific heat Ch and magnetic susceptibility
χT can be determined conveniently using fluctuation-dissipation theorem, which yields:
Ch = kBβ
2
(〈
E2
〉
− 〈E〉2
)
, (5)
where
〈E〉 =
1
Z
∑
k
gkEke
−βEk
is the internal energy and
χT = β
(〈
m2
〉
− 〈m〉2
)
, (6)
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where
〈m〉 =
N∑
i=1
〈szi 〉
is the average total magnetization.
The entropy is calculated from S = (〈E〉 − F ) /T , where F = −kBT lnZ is Helmholtz
free energy. The spin-spin correlations are defined as ck =
〈
szi s
z
j
〉
, where k = 1, 2, 3 means
that spin at site i is the k-th nearest neighbour of the spin at site j (see Fig. 1). Finally, the
average double occupancy per site is expressed as
d = (1/N)
N∑
i=1
〈ni,↑ni,↓〉.
In our calculations we found that the ground state (at T = 0) is nonmagnetic, with total
spin equal to S = 0 if U/t . 223.7, what is in agreement with the results of Refs. [13, 19]
(while for stronger Coulombic interactions U we deal with a ferromagnetic ground state).
Since the critical strength of Coulombic interactions corresponds to extremely high U/t val-
ues, we limit our considerations to the range with zero total ground state spin, assuming
0 ≤ U/t ≤ 50. We believe this range is the most physically interesting and the thermo-
dynamic properties of the cubic Hubbard cluster at quarter filling for this range were not
systematically explored.
III. NUMERICAL RESULTS AND DISCUSSION
In this section we discuss the numerical calculations of such thermodynamic quantities as
entropy, specific heat and magnetic susceptibility as well as spin correlation functions and
double occupancy performed within canonical ensemble approach with exact numerical di-
agonalization of the Hubbard Hamiltonian. For the numerical calculations we used Wolfram
Mathematica software [21].
The dependence of total entropy of the cubic cluster on the temperature in presented in
Fig. 2 in logarithmic temperature scale, in a wide range of normalized Coulombic energies
U/t. For U/t = 0 (i.e. for a pure tight-binding model) a ground state exhibits 15-fold
degeneracy, therefore, the entropy at T = 0 reaches a noticeable residual value of kB ln 15 ≃
2.708 kB. On the contrary, for U/t > 0 (in our U/t range of interest) the ground state is
2-fold degenerate, so that the residual entropy is reduced to kB ln 2 ≃ 0.693 kB. The limiting,
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high-temperature entropy is in all cases kB ln 1820 ≃ 7.507 kB. In Fig. 2 it can be noticed
that some low- and high-temperature ranges can be seen, in which entropy rises fast with
the temperature, signalizing high values of the specific heat.
The variation of specific heat with the temperature can be followed for a range of U/t
values in Fig. 3. It is evident that in the absence of Coulombic interactions a single peak
is present, at the temperature close to kBT/t ≃ 1, and it remains in that position when
the Coulombic interaction U/t is switched on. What is noticeable, appearance of U/t > 0
causes a low-temperature specific heat maximum to emerge, as well as the significant shift
of its position with the energy of Coulombic interactions, what can be clearly seen in Fig. 3.
Contrary to the specific heat, the magnetic susceptibility indicates only a single peak
in its temperature dependence for U/t > 0, as presented in Fig. 4. The height of this
maximum also significantly drops when Coulombic interactions become stronger, whereas
both specific heat maxima show a rather constant height. It has been verified that the inverse
of susceptibility shows a linear dependence on the temperature at high temperatures, what
corresponds to Curie-Weiss law with positive (ferromagnetic) Curie-Weiss temperature (not
shown in the plot); note that this fact does not imply the presence of magnetic ordering in
our zero-dimensional system.
As both specific heat and magnetic susceptibility exhibit the presence of pronounced max-
ima, it is interesting to investigate their behaviour as a function of Coulombic interactions
energy as well as to explain their origin.
The temperature values Tmax at which such quantities as the magnetic susceptibility and
the specific heat of the studied system reach their local maxima are plotted in Fig. 5 as a
function of reduced Coulombic on-site energy U/t. Let us remind that, in general, suscepti-
bility exhibits a single peak, while specific heat develops two distinct maxima. Therefore, in
the main panel of Fig. 5, only the position of low-temperature maximum of the specific heat
is shown, while the inset presents the evolution of the position of high-temperature maxi-
mum. It can be noticed that the characteristic temperature of local maximum both for χT
and for Ch increases (starting from the zero value) until approximately U/t ≃ 9. If Coulom-
bic interactions become stronger, the maxima shift back towards lower temperatures. The
characteristic temperature at which the specific heat reaches maximum is at least twice lower
than the corresponding temperature for magnetic susceptibility. The high-temperature max-
imum of specific hear shifts monotonically towards lower temperatures when U/t increases,
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FIG. 3. The dependence of the system specific heat on the normalized temperature for various
values of normalized Coulombic interactions energy.
however, this evolution is quite rapid for weaker U/t and then, for U/t & 9 (where point of
inflection is reached) it becomes significantly slower.
In order to analyse the behaviour of the mentioned thermodynamic quantities in details,
it can be useful to consider only the ground state and the first excited state. For the studied
range of parameters (0 ≤ U/t ≤ 50), the system of interest has a doubly degenerate ground
state with total spin S = 0. The first excited state is separated in energy from the ground
state by the energy gap equal to ∆ and has a degeneracy of nine, including three states with
S = −1, three states with S = 0 and three states with S = 1. The normalized gap value ∆/t
is plotted as a function of the ratio U/t in Fig. 5 with dashed line (note the right vertical
axis). It increases with increasing U/t reaching a maximum value at U/t ≃ 9.19 and then a
decrease is noticed. Such a knowledge about the energy spectrum allows us to analyse the
behaviour of the selected thermodynamic quantities basing on a two-level system.
According to fluctuation-dissipation theorem, the specific heat under constant magnetic
field for the system with energy spectrum limited to the mentioned two states can expressed
as:
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FIG. 4. The dependence of the system magnetic susceptibility on the normalized temperature for
various values of normalized Coulombic interactions energy.
Ch = kBβ
2 9∆
2e−β∆
2 + 9e−β∆
(
1−
9e−β∆
2 + 9e−β∆
)
. (7)
This function exhibits a Schottky anomaly in a form of a broad maximum at kBTmax/∆ ≃
0.3264.
Moreover, the magnetic susceptibility can be expressed under analogous assumptions as:
χT =
6βe−β∆
2 + 9e−β∆
, (8)
with a Schottky maximum at somehow higher temperature, equal to kBTmax/∆ ≃ 0.5656.
The values of magnetic susceptibility and specific heat predicted by the equations (7) and
(8) based on the calculated energy gap ∆ are shown in Fig. 5 using empty and filled circles,
respectively. It can be noticed, that for specific heat, a perfect agreement occurs between
the results of full exact diagonalization calculations and the model involving only two states
(ground state and the first excited state). Therefore, the origin of the low-temperature
peak in specific heat can be explained in terms of a Schottky anomaly. In addition, the
values for magnetic susceptibility also show a good agreement with the predictions of the
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FIG. 5. The dependence of the energy gap as well as of characteristic temparatures at which mag-
netic susceptibility and specific heat reach local maxima on the normalized Coulombic interactions
energy.
two-level model, except at the highest studied values of U/t, i.e. for strongest Coulombic
interactions. Therefore, it can be concluded that the magnetic susceptibility peak and the
low-temperature peak in specific heat possess the character of Schottky anomalies and they
share the variability trend with the energy gap ∆ as a function of U/t. Moreover, they can
be accurately described with a model involving only two states lowest in energy and arise
only in the presence of Coulombic interactions. On the other hand, the high-temperature
maximum in specific heat is already present for a pure tight-binding model with U/t = 0
and is unrelated to Coulombic interactions and only moderately sensitive to its occurrence.
The presented considerations show that the observed low-temperature maxima in mag-
netic susceptibility and specific heat are of Schottky anomaly origin, whereas the system of
interest remains paramagnetic in the studied range of U/t. It can be noted that the similar
plots in the Ref. [19] concerning specific heat for the case of 7 electrons show the effect of
transition to the state with nonzero total spin over certain critical Coulombic interactions
energy (which effect is absent in our case in the studied range).
In order to complete the characterization of the magnetic properties of the cubic clus-
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FIG. 6. The dependence of the spin-spin correlations for first, second and third neighbours (see
Fig. 1) on the normalized temperature for two representative values of normalized Coulombic
interactions energy.
ter in the paramagnetic range, we illustrate the temperature dependence of the spin-spin
correlations in Fig. 6. In this plot two cases are presented - the absence of Coulombic
interactions (U/t = 0) and the presence of them, for a moderate value of U/t = 5. As
it can be noticed, the correlations between nearest-neighbour and second-neighbour spins
are antiferromagnetic in character in both cases shown. On the contrary, the correlations
betweens spins being third neighbours possess ferromagnetic character. In the absence of
Coulombic interactions, the correlations exhibit almost flat temperature dependences unless
the temperature is high, without any low-temperature features. Introducing the Coulom-
bic interactions enhances very significantly the magnitude of correlations preserving their
signs. Moreover, it leads to the appearance of low-temperature features, as the magnitude
of correlations becomes more temperature dependent in some low-temperature range. This
behaviour is much more pronounced for antiferromagnetic correlations, i.e. those between
nearest-neighbours and second neighbours, whereas the ferromagnetic correlations between
third neighbours remains less sensitive.
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FIG. 7. The dependence of the average double occupancy per site on the normalized temperature
for various values of normalized Coulombic interactions energy.
Last, but not least, we present the results of calculations of average double occupancy per
site. The dependence of d on the temperature for various values of Coulombic interactions
energy is shown in Fig. 7. It is remarkable that the low-temperature values of double
occupancy strongly decrease when U/t increases. Such a tendency of lowering the double
occupancy with the increase of the Coulombic (repulsive) interactions energy is also visible
for example in the results of Ref. [22] for two-dimensional Hubbard model. On the contrary,
at high temperature the double occupancy increases (and tends to a common limit of d = 0.05
at T → ∞). Since the double occupancy of a site implies that a pair of electrons is in
singlet state, with opposite spins, the increase in double occupancy is connected with a
decrease in average squared magnetization per site (note that in the studied range the
system is paramagnetic and the magnetizations themselves are equal to zero). Therefore,
the temperature reduces the tendency to form magnetic moments (but increasing Coulombic
interactions acts in an opposite direction). Ground-state value of double occupancy for
U/t = 0 is equal to d = 9/160 = 0.05625, but the limiting value for U/t→ 0 is d ≃ 0.04575.
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IV. FINAL REMARKS
In the paper we discussed the thermodynamic properties of a cubic cluster described by
Hubbard model at quarter-filling. The exact numerical diagonalization enabled obtaining
the artefact-free solution. The studied cluster indicated paramagnetic properties with no
magnetization in the investigated range of Coulombic interaction energies. The double-peak
structure of specific heat was found, with a low-temperature maximum well described by a
Schottky anomaly model, involving only the ground state and the first excited state. The
same model was applied to explain the origin of a single maximum in magnetic suscepti-
bility. Also the behaviour of spin-spin correlations and double occupancy was analysed.
The obtained exact numerical results may encourage further studies of clusters with other
geometries and numbers of electrons; moreover, also the influence of other factors, such as
external fields, can be worthy of investigation.
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